Characterization of the Complex Moduli for Asphalt-aggregate Mixtures at Various Temperatures  by Zbiciak, Artur & Michalczyk, Rafał
 Procedia Engineering  91 ( 2014 )  118 – 123 
1877-7058 © 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of organizing committee of the XXIII R-S-P seminar, Theoretical Foundation of Civil Engineering (23RSP)
doi: 10.1016/j.proeng.2014.12.032 
ScienceDirect
Available online at www.sciencedirect.com
XXIII R-S-P seminar, Theoretical Foundation of Civil Engineering (23RSP) (TFoCE 2014) 
Characterization of the Complex Moduli for Asphalt-Aggregate 
Mixtures at Various Temperatures 
Artur Zbiciaka, Rafaá Michalczyka * 
a Warsaw University of Technology, Institute of Roads and Bridges, 16 Armii Ludowej Ave., 00-637 Warsaw, Poland  
Abstract 
Constitutive properties of asphalt-aggregate mixtures are modelled very often applying viscoelastic models represented by 
rheological schemes. The parameters of these schemes are identified using cyclic test at various temperatures. The procedure leads 
to the dynamic modulus master-curve. The sigmoidal model is applied in order to represent the master-curve usually, but such a 
model does not have real physical meaning. The objective of the paper is to demonstrate the method of characterization of the 
complex moduli for bituminous mixtures using classical and fractional rheological models. Fractional models give the possibility 
to characterize the response of asphalt materials with a small number of elements. In order to find the parameters of rheological 
schemes, the optimization problem is formulated. The solution is obtained using least-squares methods implemented in MATLAB 
software. 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of organizing committee of the XXIII R-S-P seminar, Theoretical Foundation of Civil 
Engineering (23RSP). 
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1. Introduction 
Many engineering materials exhibit constant mechanical properties over typical operating temperatures and 
frequencies. Thus, those properties are presented as real numbers. The mechanical properties of bituminous mixtures 
are temperature, frequency and time dependent. In order to characterize constitutive models of asphaltic materials the 
theory of viscoelasticity is used very often. Viscoelastic behavior of materials can be described using integral equations 
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applying the Boltzmann superposition principle [1]. The integral equations, referring to as hereditary or convolution 
integrals, express the stress and strain state of viscoelastic materials based on the past history of stresses and strains, 
respectively. Another form of description of viscoelastic materials is the formulation in terms of differential equations. 
Applying the Laplace transform to both differential form and integral form of constitutive equations leads to the 
frequency domain description or complex modulus representation.  
In the case of viscoelastic materials their properties are usually presented in the frequency domain as complex 
numbers having real and imaginary parts. The temperature-frequency or temperature-time superposition principle 
being applied in order to produce master-curves of mechanical properties is illustrated with real experimental data. 
Replacing integer order derivatives in the constitutive equations of viscoelastic materials by fractional derivatives 
leads to fractional viscoelastic models [4, 5, 9, 12, and 14]. The fractional calculus models enable more accurate 
description of viscoelastic materials using a small number of elements (parameters) [6, 11, and 13]. Achieving the 
same degree of accuracy using integer order equations would require more parameters or would be impossible in many 
cases. 
2. Complex modulus definition 
In order to execute the identification process of rheological models of bituminous mixes, results of one-dimensional 
stress-controlled cyclic tension/compression experiments with various frequencies are used. The excitation and the 
response, assuming linear properties, are as follows: 
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respectively, where NE denotes number of experiments at constant temperature. Based on such experiments one can 
evaluate the dynamic modulus 
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The behavior of linear viscoelastic systems, excited by harmonic functions, can be analyzed using complex 
variables. Let us assume the following transformation of variables  
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       (3) 
where the complex variables are given as follows 
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Thus, it is possible to define the complex modulus containing both dynamic modulus and phase angle  
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The complex modulus can be decomposed as follows 
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where E c  denotes the storage modulus representing elastic properties of the material while E cc  is the loss modulus 
used to represent viscous properties. The graphical representation of the complex modulus in the plane  ,E Ec cc  
constitutes a form of experimental results visualization (the so-called Cole-Cole graph). In order to analyze the 
temperature effect, the experimental tests with various frequencies should be repeated over desired range of 
temperatures. 
3. Master-curve development 
The frequency range of the measured dynamic modulus and phase angle of the complex modulus covers only a 
small part of frequency at different temperatures. The application of the reduced variables method gives the possibility 
to reduce the experimental data to single curves, called master-curves, covering a wide range of frequencies at a chosen 
reference temperature. The method of reduced variables is also known as the temperature-frequency or the 
temperature-time superposition principle (TTSP) [6, 8, 10]. Application of the TTSP needs the data, collected at 
different temperatures, to be shifted relative to the time of loading or frequency. Thus, the experimental curves 
obtained at various temperatures can be aligned to form a single master-curve. The required shift at a given temperature 
is defined by the shift factor  Ta . Using the frequency domain, the frequency Z  should be multiplied by the shift 
factor in order to obtain reduced frequency rZ : 
 Tar ZZ   or  log log log .r a TZ Z  ª º¬ ¼   (7) 
At the reference temperature oT , the shift factor equals one   1o  Ta . 
Having a master-curve constructed using the TTSP, it is possible to compare the results obtained by two 
laboratories with any sets of frequencies or temperatures. There are a few different functions being used to model the 
time-temperature relationships for bituminous materials (binders and mixtures). The most known are the Arrhenius 
and the William-Landel-Ferry (WLF) equations. Assuming the Arrhenius equation, leads to the following relationship 
between the shift factor and temperature 
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where aE'  denotes activation energy treated as a fitting parameter. The parameter H in Eq. (8) is sometimes related 
to reference temperature oTH   or the constant value is used 14714.19 H . The WLF equation is as follows 
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where 1C  and 2C  are fitting parameters. In this paper we use two additional equations. The quadratic equation 
 > @    o22o21 log TTATTATa     (10) 
and the exponential equation 
     > @o22o21exp TTATTATa     (11) 
Various expressions can be used in order to represent dynamic modulus master-curves. In case of asphalt materials 
the sigmoidal model is applied very often [6, 8]. The sigmoidal model defines the dynamic modulus as a function of 
reduced frequency 
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where: mindynE G  - minimum limiting modulus; 
minmax
dyndyn EE  D  - span of modulus values; JE ,  - fitting parameters. 
The dynamic modulus master-curve can be constructed using the sigmoidal model along with any shift factor 
equation. The fitting process of the shift factor parameters can be carried out simultaneously with finding the 
coefficients of sigmoidal function. The sigmoidal model is very attractive because of its simplicity, but it has no real 
physical meaning. Thus, Eq. (12) does not define any mechanical model of bituminous mixtures. Another method for 
constructing master-curves is to use the complex moduli equations for real viscoelastic models. In case of constant 
temperature cyclic tests carried out in a small range of frequencies, the classical Burgers model can be used (see [13]). 
On the other hand, the analysis of a wide range of temperatures and frequencies needs more advanced rheological 
models to be assumed. Many Finite Element Method codes use generalized Maxwell model (see Fig. 1a) consisting 
of one spring representing static modulus E0 and N Maxwell networks (springs and dashpots in series) [15]. The 
formula describing the complex modulus of generalized Maxwell model is as follows 
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where nW   denotes relaxation time and N  is the number of Maxwell networks. 
 
 
Fig. 1. Rheological models analyzed in the paper: generalized Maxwell model (a), Huet-Sayegh model (b), 2S2P1D model (c) and generalized 
Huet-Sayegh model (d) 
As it was proved in the literature, fractional rheological models give the possibility to characterize the response of 
asphaltic materials with a small number of elements. The constitutive equations of such models relate stresses and 
strains via fractional derivatives. The fundamental fractional rheological model, widely used to characterize the 
properties of bituminous mixtures, is the Huet-Sayegh model (1965) [11], whose complex modulus is calculated using 
the following formula (see Fig. 1b) 
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where: oE  - static modulus (for 0oZ ); fE  - glassy modulus (for foZ ); kh,  - exponents, such that 
10  hk ; G  - dimensionless constant; W  - characteristic time (a function of temperature) 
Olard and Di Benedetto [7] proposed a modification of the Huet-Sayegh model adding the additional dashpot (see 
Fig. 1c). This model, called by the author’s 2S2P1D model, has the following complex modulus equation 
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whereK  denotes Newtonian viscosity. 
We propose a generalization of the Huet-Sayegh model. Our new model contains N  fractional elements  
(see Fig. 1d). The complex modulus of generalized Huet-Sayegh model is as follows 
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The above Eqs. (13-16) allow to take into account the TTSP via parameter W  being a function of temperature [6]. 
On the other hand, the same effect can be obtained replacing Z  in Eqs. (13-16) by rZ  and substituting Eq. (8). In 
such a case, the value of oWW   resulting from the fitting procedure, is a constant to be determined at the arbitrarily 
chosen reference temperature oT . 
4. Selected fitting results 
Results of experiments for asphalt-aggregate mixes can be visualized as dynamic modulus vs. frequency and phase 
angle vs. frequency. Another form of the experimental data visualization is the Cole-Cole representation (loss modulus 
vs. storage modulus) or the so-called Black space graph (phase angle vs. dynamic modulus). Using these various 
planes it is possible to formulate the appropriate minimization problems in order to find the optimal values of both 
rheological models’ parameters and shift factors’ coefficients. For example, using the Huet-Sayegh model and WLF 
shift function needs 8 coefficients to be optimized (see Eqs. 14 and 9). In case of sigmoidal model defined by Eq. 12, 
the only fitting plane one can use is the dynamic modulus vs. frequency plane. The optimization problem was solved 
using the least-squares method implemented in MATLAB software. The program we created allows the solution of 
the minimization problem using sigmoidal function and various rheological models. Different fitting planes are also 
possible to choose by the user. Selected results of calculations for fractional models are shown in Tab. 1. and Tab. 2. 
and visualized in Fig. 2. 
 
Fig. 2. Graphical visualization of fitting results using generalized Huet-Sayegh model. 
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The computer calculations were also performed assuming classical rheological models. The generalized Maxwell 
model with 12 Maxwell networks was used. The results obtained with such a large number of networks were not 
satisfying. Although the results of the dynamic modulus master-curve were quite correct, the analysis of other charts 
indicated the incorrectness of the solution. Especially, in the case of the Cole-Cole graph, a discrepancy between the 
fitting curve and the experimental data was not acceptable. It should be emphasized that increasing the number of 
Maxwell networks does not lead to better solution as we tried to repeat calculations for even 30 networks. Thus, the 
results of curve fitting with use of the generalized Maxwell model should be viewed with some caution as they not 
necessarily mean that good dynamic modulus master-curve fitting would be associated with satisfying results taking 
the Cole-Cole plane and the Black space plane. 
Table 1. Coefficients of HS model and WLF shift function – see Eq. (14) and (9). 
oE [MPa] Ef [MPa] k  h  G  (20 C)W $  1C  2C  
59 35404 0.193 0.595 2.253 253E-5 17.370 141.481 
     Table 2. Coefficients of GHS model (3 fractional elements) and WLF shift function – see Eq. (16) and (9). 
oE  Ef  1k  2k  3k  1G  2G  (20 C)W $  1C  2C  
59 35397 0.193 0.591 0.596 4.595 7.941 0.101 17.362 141.415 
5. Final remarks 
Results of calculations presented in the paper demonstrate the possibility of characterization of the complex moduli 
for bituminous mixtures using linear viscoelastic models. It was emphasized that better curve fitting results can be 
obtained using fractional rheological models. Such models exhibit good results not only in the dynamic modulus 
master plane but also in the Cole-Cole plane what is almost impossible applying generalized Maxwell model. 
Interesting results were obtained by using the generalized Huet-Sayegh model, being an alternative to the Huet-Sayegh 
model in some cases. 
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